@ THATY ACHFH@

DOI https://doi.org/10.32782/1994-4691-2026-1-77-1
UDK 532, 531

OPTIMAL PROPERTIES OF INCOMPRESSIBLE SWIRLING FLOW
IN A RECTILINEAR CIRCULAR PIPE

OIITUMAJIBHI BJIACTUBOCTI HECTUCJIUBOI 3AKPYUYEHOI
TEYIi Y NPSIMOJITHIMHIN KPYTJIIA TPYBI

P. V. Lukianov!®, PhD, Senior Researcher ORCID: 0000-0002-5043-6182
K. S. Pavloval, PhD ORCID: 0000-0001-8818-4358
M. K. Trofymenko?, student ORCID: 0009-0004-9750-4818

! National University «Kyiv Aviation Institute», Kyiv, Ukraine
*e-mail: Pavlo.Lukianov@npp.kai.edu.ua

Abstract. Swirling flows are frequently encountered in technical devices, particularly in
hydraulic and pneumatic systems. Optimal performance of these devices cannot be achieved without a
thorough understanding of the physics governing these flows—physics that, as it turns out, is
characterized by optimality. It is precisely these optimality properties that prove useful in situations
where existing models fail to accurately describe the flow on their own. This paper provides an
overview of contemporary research and achievements regarding swirling flows and highlights the
challenge of describing them adequately. Based on this, the study's objective is formulated: to
consolidate and systematize existing knowledge while deriving new insights—specifically, the
optimality properties of swirling flows. The results demonstrate that swirling flows in a rectilinear
circular pipe possess optimality properties; for instance, a flow with extremal helicity exhibits zero
helicity at every point. Swirling flow where the velocity field depends solely on the radial coordinate
is also optimal. For laminar flow, this entails the property of maximum flow rate, whereas for
turbulent flow, the condition of maximum vorticity is also satisfied. The obtained results are compared
with existing theoretical and experimental data.
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Introduction.

Swirling, or vortex, flows are widely encountered in nature and engineering. If the gas
flow velocity does not exceed a Mach number of 0.2-0.3, such flows can be quantitatively
treated as incompressible fluid flows. Modern flow classification [1] categorizes them into
natural flows—formed without human intervention—and those generated through human
intervention or, more broadly, by an external force. Understanding the nature (physics) of
these flows is crucial for improving (optimizing) existing equipment and developing new
technology that involves the generation of swirling flows.

To understand why a flow acquires a swirl in natural conditions, one must answer a
single question: why? The answer is simple: such a flow must possess optimal properties—at
least one. For instance, a swirling flow in a pipe containing a spiral insert exhibits the
property of maximizing fluid rate [2]. However, this phenomenon (or property) does not
manifest across the entire range of parameters [2]. It is associated, firstly, with a turbulent
flow regime and, secondly, with the presence of a second phase (a small quantity of air
bubbles). To entirely understand the physics of the phenomenon, it is necessary to recall the
existence of the so-called inverse cascade of turbulent energy [3, 4]. For a long time, it was
unclear why vortex flows in nature could persist for weeks or months. It was not clear where
they derived the "fuel” to sustain themselves, given that turbulent energy dissipation occurs
continuously within a vortex flow.
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In the case of swirling flow—where the turbulent stress tensor loses its mirror
symmetry—an inverse cascade of turbulent energy may occur; in simpler terms, this
corresponds to flow domains characterized by negative turbulent viscosity. An inverse energy
cascade is also possible in three-dimensional isotropic turbulence [5], freely decaying two-
dimensional turbulence [6], and experimentally generated swirling turbulence [7].
Consequently, there arises the problem of describing swirling flow in a rectilinear circular
pipe in terms of its optimality properties.

Literature Review.

Since the inverse cascade of turbulent energy allows natural vortices to maintain a
compact shape, swirling flows in pipes have been modeled based on the concept of compact
vortices [11, 2, 9]. These studies essentially examine two types of swirling flows: helical
flows [5] and flows with helical symmetry [2, 9]. In [8], the flow is termed "predominantly”
Beltrami-Gromeka, as it is not helical throughout the entire domain: near a solid wall, viscous
effects preclude the existence of such a flow. In this context, reference should be made to
[10], which specifically analyzes the asymptotic behavior of swirling flow near the wall of a
straight, circular-section pipe.

In this paper, the optimality of swirling flow in a rectilinear pipe of constant circular
cross-section is examined using a unified approach based on the calculus of variations.
Furthermore, the concept of swirling flow helicity—introduced by Moffatt [11] as a measure
of extremality—is employed. Helicity is a physical quantity measurable in vortex tubes [12]
and possesses the property of conservation [13]. Additionally, another property of helicity is
demonstrated: swirling helical flows actually observed in nature and engineering exhibit an
extremal helicity value. This value is zero. In light of this, an overview of recent research on
the subject is presented.

A simplified model of helical vortex dynamics in the wake of an asymmetric rotor is
examined in [14]. Models involving single and dual helical vortices are discussed in [15] and
[16], respectively. Other studies focus on the interaction of helical vortex flow with other
flows; for instance, the interaction between a helical vortex ring and a vortex line is analyzed
in [17]. Issues regarding verification—specifically concerning the existence of such flows—
are addressed in [18], which investigates the development of flow in the form of helical
vortex pairs through both numerical and experimental methods. Studies concerning the
breakdown of helical flow in helical tubes and helical rings are presented in [19]. Information
on how axial flow affects the stability of a helical vortex tube can be found in [20]. Work [21]
is devoted to the same topic of stability but focuses on the experimental realization (modeling
and formation) of a helical vortex.

Helical vortex flows occur during the operation of a wind turbine. Theoretical research
on this topic is presented in [22]. Work [23] is dedicated to the dynamics of helical vortices
and vortex rings. Flow in the form of helical vortex pairs is examined in [24]. Issues
regarding the stability and structure of the Zhukovsky model for the rotor wake are addressed
in [25]. The topology of helical flows is studied in [26], while the internal structure of vortex
rings and helical vortices is investigated in [27]. Helical vortices can exist in a state close to
equilibrium while simultaneously evolving [28]. A stability analysis within the linear
approximation is provided in [29].

Research Methodology.

The aim of the study is to investigate the extremal properties of a steady swirling flow in
a straight circular pipe.

This study is based on analytical methods, specifically the calculus of variations and the
mathematical theory of fields.

This paper examines a class of incompressible fluid flows in which the velocity field
satisfies the following relations:
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V. =0, V,=V,(r), V,=V,(r). )
Essentially, two problems are considered. The first is the problem of a swirling flow with

extremal helicity, and the second is a swirling flow with maximum vorticity and fluid flow
rate.

Results.
Turbulent swirling flow with zero helicity

The first task is to identify, within class (1), the flow with extreme helicity:
27 R

J= J'J'(rot\7-\7)-rdrdgo—>extr. (@)
00

Turbulent stresses (or Reynolds stresses) for the flow described by (1). To understand the
problem, let us present the Reynolds equations. Based on the general Reynolds equations, the
form for (1) is as follows:

d 2

OzJ(7r3)+Frr9, ©)
dp 1d

O=——+=—(z,). 4
dz+rdr(T”) )

Ordinary derivatives are used in equations (3)—(4). This is explained by relations (1) and
the fact that the pressure is a function of the longitudinal coordinate only:

dp

—==Ap=Const. 5

qz 2P (5)
A distinctive feature of the Reynolds equations (3)—(4) is that they are expressed in terms

of stresses, rather than in the conventional form involving velocity fluctuations. As will

become evident, this allows for analytical solutions for the stresses. To this end, we employ

the following form of equation (3):

d 2
The general solution of equation (6) has the following form:
Const
To= r2 . (7)
Similarly, we use the following form of equation (4)
d
The general solution of equation (8) is
1 Const

As a result, analytical solutions (7) and (9) describing the Reynolds stresses for flow (1)
have been obtained. Although these solutions exhibit a singularity at $r = 0%, they can still be
used, since the flow is laminar near the axis ($r = 0$) and equations describing laminar flow
should be employed there instead of equations (3)—(4).
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Determination of the averaged velocity field based on the helicity extremum
condition.

As it turns out, the condition of helicity extremum can determine the velocity field.
Indeed, in accordance with condition (2), we find the components of the velocity curl:

(rot\7)rso, (rot\7)9:—ddirz, (rotV)Z:%d(;\r/‘g). (10)

Substituting (10) into (2) yields:
27 R d (rV ) dV
0
J=1[ [|V,——2% drde —extr . (11)

Based on the form of the integrand in (11), we have:

oF =d(rV9) ok v, (12)
&, dr a[dvzj %

dr
oF oF
——=V,;, ————=1V,. (13)
o o)
dr

The necessary condition for the extremum of functional (11) for the longitudinal
component of the velocity is as follows

oF d oF
— | — |=0.
ov, dr a(dVZj
dr
From this condition, the specific form follows.
d(rv
VZ—M:O o o WVz_g (14)
dr dr
Similarly, for the rotational component of velocity
oF d oF
———| ———= |=0.
oV, dr a( av, )
dr

And therefore, the corresponding extremum condition is as follows:

d(rvg) d(-rv)

=0. (15)
dr dr
Equation (14) is equivalent to
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dv;

-r—==0. (16)
dr

Its solution everywhere except (r=0) has the form:

V; =Const. (17)
From equation (15), we obtain:

Const
V,= . (18)
r

Therefore, (17)-(18) is the desired solution. Since, according to (10),

g ( Constj
(rot\7) __dConst _, (rot\7) S G Sy
o dr Z r dr
then (17)-(18) correspond to the minimum (zero) helicity of a swirling turbulent flow of class
(1).
Steady axisymmetric swirling flow

Within the class of flows (1), let us identify a flow in which two extrema—a maximum of
vorticity and a maximum of fluid discharge—are attained simultaneously.

2z R

5\2 27 R
J= j(rotv) -rdrdep+ A [ [V, -rdrde — extr. (19)
00 00
For the flow described by (1), the components of the velocity curl (rotor) are given by
expressions (10):
oV

19(1V,) z
(rOtV)Z :FTH’ (rOtV )0 :—E.

Therefore, condition (19) takes the following form:

27 R 2 olrVv ? 27 R
J=1] (%j + EM -rdrdp+ A [ [V, -rdrdp —>extr.  (20)
00 8!’ r 8!’ 00

Since the integrals in (20) have the same limits of integration, the overall integrand
should be considered to be

2 2
F- (avzj +(1—8(N&)j AV, T

E r or

Analogously to formulas (12)—(13), we find the partial derivatives:

oF _ 2V, +2 N, , oF _ 2V, + Zr%. (21)
o, r or a(dvgj dr
dr

Substituting the expressions just obtained into the necessary condition for the extremum
of the functional (20). Substituting (21) into (13) leads to the following equation:

dz\/g +1dve —\Q—O
2 2
dr rdr r
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Equation (22) is identical to the Navier-Stokes equation for the problem of fluid rotation
when only the rotational velocity component is present and the velocity field depends solely
on the radial coordinate. Recall that the general solution to (22) has the following form:

V, :C1r+C21.
r

It should be noted that this solution has components corresponding to both laminar and
turbulent flow [30]. Let us use the second necessary condition for the extremum of functional

(14).
Since
oF oF dv,
6_\/Z =rA(r); m = ZrW,
dr
then equation (14) takes the following explicit form:
ra(r)—2 dd\iz —2r ddzz =0. (23)
The solution to equation (23) in the case of
A(r)=0
has the following form, well known for turbulent flow:
V,=C,/Inr+C,.

So, if we do not require the maximum flow rate condition from the flow, but only the
maximum turbulence condition, then the flow is described by the well-known logarithmic law
(this fact was first obtained earlier for ordinary flow in a pipe — without rotation; the
corresponding article was submitted to the Journal of Turbulence). But in the case of
satisfying the second extremity condition (maximum flow rate), the velocity field will be
different. So, when

A(r)y=C,,/r

the solution to equation (23) contains a solution well known in hydraulics:

r.2

V,=C Z+C1Inr+C2. (24)

lam

For laminar flow in a circular pipe
C,=0.

Note that for flow between concentric pipes, all three terms in (24) are non-zero. To
understand the physics of the resulting solution, it should be treated as a piecewise continuous
function: in the laminar flow region, the constant multiplying the logarithm is zero, whereas
in the turbulent flow region, the logarithmic component must be included. Furthermore, other
functions—such as Lagrange multipliers—may be specified if necessary to match an
experimental profile.

Conclusions.

Extremal properties of swirling flow—specifically helicity, vorticity, and flow rate—
were investigated. The condition for extremal helicity allows for the derivation of the
turbulent flow core (excluding the boundary layer) without recourse to the Boussinesq
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hypothesis. Based on the derived analytical expression for the velocity field (which is also
utilized in centrifugal pump theory), Reynolds stresses can be readily determined from the
Reynolds equations. However, the principal conclusion drawn from this part of the study is
that an optimal helical flow can possess only zero helicity—and this applies throughout the
entire flow domain.

According to the generalized criterion of inertial stability [31], the velocity field in a
turbulent flow must be such that the azimuthal velocity decreases more rapidly than the
hyperbolic law dictates. Comparing equation (18) with this premise reveals that a real
turbulent flow in a pipeline possesses an additional characteristic causing its velocity field to
decay more sharply than a hyperbola. Such a vortex flow model is already known: the quasi-
point vortex.

In addition to zero helicity, a swirling flow in a rectilinear circular pipe possesses two
other optimal properties: maximum vorticity (or, more precisely, its square) and maximum
fluid flow rate. It is the simultaneous application of these two conditions that yields well-
known solutions corresponding to both laminar and turbulent incompressible fluid flows. In
this context, the general solutions for azimuthal velocity satisfy the Navier-Stokes equations,
while the longitudinal (axial) velocity satisfies an equation whose solution encompasses both
laminar and turbulent flow By setting a particular integration constant to zero, it can be used
separately for laminar and turbulent flows. Thus, both laminar and turbulent swirling flows in
a rectilinear circular pipe are optimal.

Future research should focus on a more thorough investigation of the boundary layer in
swirling flow and the identification of potential flow regions characterized by negative
turbulent viscosity, which would further substantiate the optimal nature of swirling flow.
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OIITUMAJIbHI BIACTUBOCTI HECTUCJIUBOI 3AKPYUYEHOI TEUIi ¥
NPSAMOJIITHIMHINA KPYTJIIA TPYBI

IL. Jyk’sinos?, K. IMaBiosal, M. Tpopumenxo®
! Hayionanonuii ynisepcumem «Kuiscokuii agiayitinut incmumym»y

Anomauisn

3akpydeHi Tedii 4acTO 3yCTPIYAIOTHCS y TEXHIYHUX MPUCTPOSX, 30KpeMa y TiIpaBIidHUX Ta
nmHeBMaTHIHUX. JlockoHama poboTa X MPHUCTPOiB He MOXKe OyTH NOCATHYyTa 06€3 TTOBHOTO PO3yMiHHA
¢i3uku nux Teuidi. A BoHa, I (i3HKa, K BUSABJISIETHLCSA, Ma€ ONTUMANIbHMN XapakTtep. JlificHO, amke
HIXTO, KpIM 3aKOHIB MPHPOJH, HE MPUMYIIYE BOAY TEKTH Y TPCBKUX CTPYMKaX y BUTJISAL 3aKpyUYeHOT
Tedil (crocTepexeHHs aBcTpiichkoro yicHudoro Bikropa [layGeprepa), a Boxy y BaHHI HaOyBaTH
3aKpyTKy. Panime Oyy mpoBeAeHi eKCIIepuMeHTaIbHI TOCTiKeHHs y maboparopii. I mi mocmimkeHHs
JIiiCHO BUSIBUIIM ICHYBaHHS TaKMX PEXHMIB TypOYJIEHTHOI Tedwii piiMHU y TpyOi i3 MPHUMYCOBOIO
3aKpyTKOr0. KpiM Toro, cTamo odeBHIHNM, IIO MPUPOAA TAaKUX TeUill € ayxe ckiaaHor. Tomy came
BJIACTHBOCTI ONTHMAIBHOCTI OTIOMAararTh TaM, J€ ICHYIOYi MOJeNi HECIPOMOXKHI CaMOCTIHHO
BITOPATHUCS 13 KOPEKTHUM OmucaM Tedii. B poOoTi HagaHo O]l Cy4acHHX POOIT i JOCSATHEHb I0JI0
3aKpy4eHUX Teuil, BUCBITICHA mpobseMa 1X ajaekBaTHoro onucy. Ha migcraBi mporo chopMyliboBaHa
MeTa AaHoi poboru. Bona momnsirae y o0’emHaHHI Ta CHUCTeMaTh3allii BXXKE€ BIJIOMOTO 3HAHHS Ta
OTpPHMaHHS HOBOTO + BJIACTUBOCTEH ONTUMAIBLHOCTI 3aKpydeHoi Tedii. Jlo 1boro Bxe Oynu oTpuMaHi
Taki pe3yNbTaTH, SIK BiAMIHHICTh JaMiHAPHOI Tedii y MPUMEKOBOMY Iapi y BUMAJIKaX BHYTPIIIHBOI Ta
30BHIITHBOI 33/1a4. Tako)K BUSABICHO PI3HHUINIO MK MPHUPONOI0 TypOYJICHTHUX TEUill y TMPUMEKOBUX
mapax y Kpyriii TpyOi Ta Ha IJIOCKHH IJIacTHHI. 3BUYaifHa PO3BHHEHA TypOYJIEHTHA Tedid Y KpyTJii
TpyOi Mae norapudmivyHui Tpodisib, TaK caMmo SK 1 TeUis Ha TUIOCKIH TUIACTHHI. AJie SKIIO Y TIepIIoMy
BUITAJKy BHKOHYETHCS YMOBAa MaKCHMAaJbHOTO 3aBHXPEHHS (TOYHIIIE KBAJAPaTy 3aBUXPEHHS), TO Y
JIPYyroMy BHIAAKY JOrapudMidamii mpodink € pe3ynbTaTOM BUKOHAHHA JBOX EKCTPEMyMIB +
MaKCUMyMy KBaJpaTy BUpa3y, IO OMKHCYE iHEPUidHYy HECTIHKICTh, Ta MIHIMyMY BUTpPaTH PiIHHH.
3a3HaveHi MIOMHO /1€l Ta OTpUMaHi 32 HUMH pe3yJIbTaTH CIYT'yBaJId OCHOBOIO JJISl HABEJCHUX Y AaHil
poboTi nociimkeHb. B pe3ynbraTi mokasaHo, 1Mo 3aKpy4eHi Tedii y nmpsAaMomiHiliHii TpyOi KpyroBoro
nepepizy MaroTh BIACTHBOCTI ONTUMANIBHOCTI. Tak Tedis i3 eKCTpEeMalIbHOIO CHIPabHICTIO Ma€e PiBHY
HyJIeBl chipalibHicTh y KOxkHiK Toumi. L[]o crocyeThest 3akpydeHoi Tedii, y SIKOi Mojie IIBHUAKOCTI
3aJIeXKHUTH JIMIIE BiJ pagialbHOiI KOOPAWHATH, TO BOHA TEXK ONTUMaibHa. [ mamiHapHOi Tewil — 1e
BJIACTHBICTh MaKCHMAQJILHOT BUTpaTH, a s TypOYJIEHTHOI Tedil JOMAETHCS Ie MaKCHMallbHe
3HAYEHHS KBajJpaTy 3aBUXpeHHS. OTpuUMaHi pe3ylnbTaTH TMOPIBHSIOTBCI 3 BXKE BIJIOMHMHU
TEOPETUYHUMH Ta EKCIIEPUMEHTAILHUMU JTaHUMH.

Knrouoei cnoea: 3akpydeHa tedis, MpsAMOJIiHiHA TpyOa, ONITUMANTBHI BIACTUBOCTI.
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