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Abstract: Modern technologies of harvesting sugar beet tops provide solid preliminary cutting and collecting its harvest at the increased 
altitude and subsequent additional root crops heads cleaning from tops residues on a root. This last operation also defines quality of root 
crops of beet before their digging up. Objective of this research is improvement quality of root crops heads cleaning from tops remains, by 
development of interaction theory of flexible cleaning blade with a spherical surface of root crop head. In the theoretical study were used 
methods of modeling, higher mathematics and theoretical mechanics, as well as programming and carrying out numerical calculations on 
the PC. As a result of the conducted theoretical research the interaction theory of flexible cleaning blade with a root crop head surface in the 
course of its cleaning from tops remains is developed. On the basis of the received differential equations of blade movement which is 
pivotally mounted on the drive shaft with a horizontal axis of rotation, new mathematical dependences which justify basic parameters of this 
technology process are given. 
KEY WORDS: SUGAR BEET, BEET TOPS, HARVESTING, TOPS RESIDUES, CLEANING FLAIL, EQUIVALENT SCHEME, FORCE, 
VELOCITY, DIFFERENTIAL EQUATIONS. 

 
1. Introduction 
Cleaning of the root crops heads from the remains of the tops 

is an important operation of the technological process of harvesting 
sugar beet. In [1], the theory of the blade cleaner of the beet root 
heads with a horizontal axis of rotation is considered, and the main 
analytical dependences describing the impact of the cleaning blade 
on the head of the root crop are presented. 

The next stage of the investigation is the compilation of 
differential equations of motion of the point of contact of the blade 
on the head of the root crop in the process of combing the remains 
of the foliage from it, assuming that this process will occur in the 
longitudinally vertical plane, that is, when the plane of rotation of 
the blades is located along the row. 

2. Results and discussion  
We depict the force interaction of the blade with the root of the 

root crop during the main process of combing the remains of the 
leaves, i.e. When the blade moves along the head surface of the root 
crop (Fig. 1). 

 
Fig. 1. – Scheme of force interaction of the blade with the root of 

the root in the process of combing the remains of the foliage 

At the contact point K , the following forces will act: cF  – the 
centrifugal force of inertia, which is directed along the radius 
OK of rotation of the blade about the axis O ; G  – the weight of 
the blade, which is directed vertically downwards; N  – normal 
reaction of the interaction of the blade with the root of the root, is 
directed along the normal to the head of the root crop, conducted 
through the given position of the point of contact; .frF  – the 
frictional force that arises when the blade moves along the root of 
the root n  is directed in the direction opposite to the direction of 
the absolute velocity M  vector of the point of the blade, which 
coincides with the point of contact K ; Q  – the force of combing 
the remains of the leaves from the surface of the head of the root 
crop, which is directed towards the vector of the absolute velocity 
of the blade point M . 

Let us find the value of these forces. To determine the 
centrifugal force cF at any point of contact K , it is necessary to 
consider the kinematics of the motion of the blade 1 1O C  along the 
head of the root crop after impact contact at a point 1K . Since the 
impact occurs in a very short period of time, then at the moment of 
impact, the blade does not move through the head of the root crop. 
Therefore, the initial position of the blade on the head of the root 
crop after the impact can be considered as the position of the impact 
contact 1K . 

For a more accurate study of the motion of the blade along the 
head of the root crop, it is necessary to compile the differential 
equations of motion of the point M  along the head of the root crop, 
since in this investigation the forces that cause such motion are 
taken into account. 

It should be noted that the main role in forming the combing 
force Q is played by the centrifugal force of inertia cF , the traction 

force P and the rotational moment of the blade .obM . It is thanks to 
the action of these forces that the blade is pressed to the root of the 
root crop and the deformation of the blade is bent. Indeed, 
immediately after impact, the centrifugal force of inertia is directed 
along the blade and tries to straighten the blade along the radius ρ . 

If this force was absent, then under the action of the 
translational motion of the cleaner and the rotational motion of the 
blade around the axis O , the blade, when in contact with the root of 
the root, would simply deflect to some angle in the direction 
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opposite to the rotational motion, and without any effort slip 
through the root of the root without changing its Rectilinear form, 
since the suspension 1O is hinged. 

After all, under the influence of centrifugal force cF , upon 
reaching the root of the root, the blade remains straightened along 
the radius ρ , and therefore, as a result of further translational and 
rotational movements, the blade slides over the root of the root, 
while experiencing a certain deformation of the bend, which creates 
a scratching force of the remains of the foliage.  

The value of the centrifugal force of inertia cF at the initial 
point of contact 1K  (point 1M ) is: 

 2
1cF mω ρ= ,  (1) 

where: m  – mass of the blade. 
Determine the centrifugal force cF of the point M at any point 

of contact K  between the blade and the root of the root. This 
strength will be equal to: 

 2
cF m O Kω ′= ⋅ ,  (2) 

where: O K′  – distance from point K to point O′ . 
As can be seen from the circuit in Fig. 1, this distance is 

approximately equal to 
 1 1O K OK K K OO′ ′≈ − + ,  (3) 

where: 1OK ρ= . 
Then, taking into account that POO V t′ = ⋅  and  

1 PKK V t≈ ⋅  and (3), we obtain: 
 O K ρ′ ≈ .  (4) 

Thus, the centrifugal force cF  of inertia at each point of 
contact K approximately remains constant in magnitude and 
direction and is equal to: 

 2
cF mω ρ≈ .  (5) 

In this case, the mass of the blade m is considered to be 
concentrated on the working part of the blade. The centrifugal force 
of inertia that arises from the rotation of the mass of the blade closer 
to the axis 1O  of suspension causes tension of the blade and is 
balanced by the reaction in the hinge 1O . 

The deformation of the blade bending results from the pressing 
of the blade at the point of contact K  by the forces of inertia cF  

and the weight of the blade G  under the action of the traction force 
P  of the translational motion of the cleaner and the rotational 
moment of the blade .obM . 

The force of the deformation of the bend will be equal to the 
force of combing Q . After all, the force P  of the translational 
motion of the cleaner and the rotational moment of the blade .obM  

enter into the component of the force Q , and therefore they are in 
Fig. 1 are not shown. 

The frictional force is known to equal to: 
 .frF f N= ,  (6) 

where: f  – coefficient of friction of the blade surface along the 
surface of the head of the root crop; N  – normal reaction at the 
contact point K  of the blade with the root of the root. 

Thus, the differential equation of motion of the point of 
contact K  over the root of the root in a vector form will have the 
following form: 

 .c frma F G N F Q= + + + + ,  (7) 
where: a  – absolute acceleration of the movement of the point of 
contact K  along the head of the root crop; m  – mass of the blade. 

Since in this case we have a plane system of forces that is 
located in the plane yOz , the differential equation of motion (7) 
reduces to a system of two second–order differential equations of 
the following form: 

 .

.

,

,
c y y y fr y y

c z z z fr z z

m y F G N F Q

m z F G N F Q

= + + + + 
= + + + + 




, (8) 

where: c yF , yG , yN , .fr yF , yQ  – projections of the vectors of 

forces on the axis Oy , respectively c zF , zG , zN , .fr zF ; zQ  – the 
projections of the vectors of the mentioned forces on the axis, 
respectively. 

Taking into account the value of the projections of the force 
vectors that enter into the system of differential equations (8) and 
expressions (5) and (6), the mentioned system acquires the 
following form: 

 ( ) ( ) ( )

( ) ( ) ( )

^ ^ ^
2

^ ^ ^
2

sin cos , cos , cos , ,

cos cos , cos , cos , ,

m y m N y N fN y V Q y V

m z m mg N z N fN z V Q z V

ω ρ α

ω ρ α


= − + − + 


= − − + − + 

  

  

, (9) 

where: ( ) ( )
^ ^

cos , , cos ,y N z N  are the direction cosines of the force 

vector N  to the axes Oy  and Oz , respectively; 

( ) ( )
^ ^

cos , , cos ,y V z V   – the direction cosines of the velocity vector 

of the contact point on the head of the root crop to the axes and, 
respectively; ,y z   – the projection of the velocity vector V on the 
coordinate axis Oy and Oz , respectively. 

From the source [2] it is known that these directing cosines 
are equal to: 

 
( ) ( )

( ) ( )

^ ^

^ ^

1 1cos , ; cos , ;

cos , ; cos , ,

f fy N z N
y f z f

y zy V z V
V V

∂ ∂
= =
∂ ∆ ∂ ∆

= =
 

 

 (10) 

where: ( ), 0f y z =  is the coupling equation (the surface along 

which the material point moves); f∆  – modulus of the function 
gradient ( ),f y z ; V  – the modulus of the velocity vector of a point. 

Since it was initially assumed that the head of the root crop has 
a spherical shape, the coupling equation is a sphere that has the 
following equation: 

 ( ) 2 2 2 2, , 0f x y z x y z R= + + − = ,  (11) 
where: R  is the radius of the spherical head of the root crop. 

For the plane yOz 0x = , and therefore the equation of the 
sphere (11) goes over into the equation of the circle: 

 ( ) 2 2 2, 0f y z y z R= + − = .  (12) 
According to the source [2], the modulus of the function 

gradient and the velocity modulus will be: 

 
2 2f ff

y z
 ∂ ∂ ∆ = +   ∂ ∂  

,  (13) 

 2 2V y z= +  .  (14) 
Substituting (10) into (9) and adding the coupling equation 

(12) to the system of differential equations (9), we obtain the 
following system of differential equations: 

 

2

2

2 2 2

sin ,

cos ,

0.

N f y ym y m fN Q
f y V V

N f z zm z m mg fN Q
f z V V

y z R

ω ρ α

ω ρ α

∂ = − + − + ∆ ∂ 
∂

= − − + − + 
∆ ∂ 

+ − = 


 


 
  (15) 

We calculate the partial derivatives and the gradient of the 
function that enter the system of equations (15). Will have: 

 2 , 2f fy z
y z
∂ ∂

= =
∂ ∂

.  (16) 

Then, according to (13): 
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 ( ) ( )2 22 2 2f y z R∆ = + = .  (17) 
We substitute the expressions (16), (17) into (15). Then the 

system of differential equations (15) takes the following form: 

 

2

2

2 2 2

sin ,

cos ,

0.

y y ym y m N fN Q
R V V

z z zm z m mg N fN Q
R V V

y z R

ω ρ α

ω ρ α

= − + − + 

= − − + − + 

+ − =



 


 
  (18) 

The system of equations (18) is a system of three equations 
with three unknowns ,y z  and N . Therefore, it is definite and has 
a unique solution. 

We eliminate the unknown quantities from the obtained system 
of equations (18) and, thus reducing the given system to one 
differential equation with one unknown function, ( )y t . To do this, 
it is necessary to differentiate twice t according to the constraint 
equation (12). If we differentiate this equation once, then we get: 
 2 2 0yy zz+ =  .  (19) 

From where we find: 
 0yy zz+ =  .  (20) 

If we differentiate equation (20), then we have: 
 2 2 0yy y zz z+ + + =    ,  (21) 
or 
 ( ) ( )2 2 0yy zz y z+ + + =   .  (22) 

Since, 2 2 2y z V+ =   we get: 
 ( )2V yy zz= − +  .  (23) 

We multiply the first equation of system (18) by, the second on 
and add them term by term, we obtain: 

 
( ) ( )
( ) ( ) ( )

2 2

2 2

sin cos

.

m yy zz m y m z mgz

N N Qy z f yy zz yy zz
R V V

ω ρ α ω ρ α+ = − + − +

+ + − + + +

 

  
 (24) 

Whence, taking into account expressions (20) and (23), we 
have: 

 ( )2 2 sin cosmV m y z mgz RNω ρ α α− = − + − + .  (25) 
From expression (25) we find a normal reaction. It equals: 

 ( )2 21 sin cosN m y z mgz mV
R

ω ρ α α = + + −  .  (26) 

We make further transformations. From the expression (20) we 
obtain: 

 yyz
z

= −


 , (27) 

then ( )2
2

2

yy
z

z
=


 ,  (28) 

or ( )2
2

2 2

yy
z

R y
=

−


 .  (29) 

Thus, for the magnitude of the speed of motion V , we can 
obtain the following expression: 

 ( )2
2 2 2 2

2 2

yy
V y z y

R y
= + = +

−


  .  (30) 

Substituting expression (26) into the first equation of system 
(18), we obtain: 

 
( )2 2

2

sin sin cos

1 .

y ymy m f m y z
R V
ymgz mV Q

R V

ω ρ α ω ρ α α  = − + − + +   

+ − +





 (31) 

Since, 2 2z R y= − then, taking into account expression (30), 
finally: 

( ) ( )

( ){
( ) ( )

( ) ( )

2 2
2

22 2 2

2 2 2 2 2

22 2 2 2 2

2 2 22 2 2

sin

sin cos

1 .

f y R yymy m
R R y y yy

m y R y mg R y

m R y y yy y R y
Q

R y R R y y yy

ω ρ α

ω ρ α α

 
− = − + − ×  − + 

× + − ⋅ + − −

 − + − − +
−  − +




 

  

 

 (32) 

3. Conclusions 
Thus, we have obtained a second–order differential equation 

(32), in which only one function y is known, i.e. a differential 
equation is obtained in the so–called normal form, when the higher 
derivative is expressed in terms of the lower derivatives and the 
desired function. 

The unknown force Q  that enters into equation (32) must be 
found from the deformation conditions of the blade bending. 

Therefore, to solve this equation, you must first find the force 
Q , or express it through known quantities. 

Since equation (32) is non–linear, it can be solved only by 
numerical methods on a personal computer with given initial 
conditions, which will be the subject of the next study. 
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